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High-harmonic spectroscopy of ultrafast many-
body dynamics in strongly correlated systems

R. E. F. Silva™, Igor V. Blinov?3, Alexey N. Rubtsov?4, O. Smirnova

We bring together two topics that, until now, have been the
focus of intense but non-overlapping research efforts. The
first concerns high-harmonic generation in solids, which
occurs when an intense light field excites a highly non-equi-
librium electronic response in a semiconductor or a dielec-
tric. The second concerns many-body dynamics in strongly
correlated systems such as the Mott insulator. We show that
high-harmonic generation can be used to time-resolve ultra-
fast many-body dynamics associated with an optically driven
phase transition, with accuracy far exceeding one cycle of the
driving light field. Our work paves the way for time-resolving
highly non-equilibrium many-body dynamics in strongly cor-
related systems, with few femtosecond accuracy.

High-harmonic emission provides the frequency-domain
view of charge dynamics in quantum systems'. Complete charac-
terization of emitted harmonic light—its spectrum, polarization
and spectral phase—allows one to decode the underlying charge
dynamics in atoms and molecules with a resolution of <0.1fs, well
below a single cycle of the driving laser field, opening up the field
of ultrafast high-harmonic spectroscopy*™. In particular, harmonic
generation in gases reveals the importance of multi-electron cor-
relations®'*", showing enhanced emission near giant resonances in
photo-absorption'®'! or enhanced tunnelling®.

Here, we bring together high-harmonic spectroscopy and
many-body dynamics in strongly correlated solids, focusing on an
ultrafast phase transition. We consider the breakdown of the Mott
insulating state in the canonical model of a strongly correlated solid,
the Fermi-Hubbard model. We show how the complex many-body
charge dynamics underlying this transition are recorded by high
harmonic emission, with ~1fs accuracy.

Combining high-harmonic generation (HHG) in bulk solids'*-¢
with robust techniques for characterizing emitted light'*~'® opens
up new opportunities. Recent results include the demonstration of
dynamical Bloch oscillations'®", reconstruction of the band-struc-
ture in ZnO'", visualization of strong field-induced effective band-
structure”’, direct visualization of the asymmetric charge flow driven
by mid-infrared (mid-IR) fields*® and the first steps towards mea-
suring the Berry curvature®'. These studies have focused on systems
well described by a single-particle band-structure, and single-parti-
cle pictures have dominated analyses (for example, refs '*-14161%22),
Two harmonic generation mechanisms emerging in the single-par-
ticle picture are associated with intra-band current and inter-band
polarization. Their relative role is hotly debated (see, for example,
refs. 12-182324) Electron—electron correlations have often been incor-
porated via empirically introduced (and surprisingly short—only
a few femtoseconds) relaxation times (for example, refs '>'%%).

'S and M. lvanov'%7*

Theoretical studies explicitly including electron-electron interac-
tions (for example, refs >*°) reveal a more complex picture—the har-
monic spectra were found to be robust with respect to elastic and
inelastic scattering®, and electron exchange and interaction do not
appear to yield ‘clean’ harmonic spectra®, in contrast to simple relax-
ation models.

Indeed, electron-electron correlations go well beyond mere
dephasing, generating rich physics of strongly correlated systems,
such as pre-thermalization and the formation of extended Gibbs
ensembles®, and the superfluid to Mott insulator transition”, to
name but a few. Studies of non-equilibrium many-body dynamics
have led to the concepts of dynamical®® and light-induced phase
transitions”*?. In particular, the Mott insulator-to-metal transition
was recently achieved experimentally in VO, (refs **?). However,
resolving such transitions with few-femtosecond accuracy remains
elusive. Our results show that high-harmonic spectroscopy offers a
detailed view of the underlying dynamics with a resolution of ~1fs.

Here, we use a one-dimensional Fermi-Hubbard model with
half-filling, that is, one particle per site on average (see Methods).
A particle could hop to an adjacent site with a rate t,. Hopping can
be obstructed by another particle already residing on this site, via
the energy U of the repulsive on-site interaction. In the strong cou-
pling limit U>> ¢, the Mott insulating ground state has short-range
antiferromagnetic order® (electron spins at adjacent sites tend to
be anti-parallel). The elementary charge excitations, called dou-
blon-hole pairs**, are separated by an optical gap A. When U>> ¢,
A scales linearly with U. We focus on this regime. The laser fre-
quency @; < A(U) is in the mid-IR range, with @, =32.9 THz iden-
tical to that in recent experiments'!, and a modest field amplitude
of F,=10MV cm™. The hopping rate #,=0.52eV mimics that of
Sr,CuO; (ref. **). Uis varied to demonstrate the trends and the gen-
eral nature of our conclusions. For simulation details see Methods.

To induce and resolve the Mott transition, we apply a light pulse
where the field amplitude F(f) increases smoothly. This field can
excite the doublon-hole pairs, which play the role of charge carri-
ers. The density of doublon-hole pairs may change during the pulse,
depending on the field amplitude F,(t). As Fy(t) crosses the thresh-
old F,, the density of charge carriers exceeds a critical value, leading
to breakdown of the Mott insulator. The transition is followed by
destruction of local short-range magnetic order, and a paramag-
netic liquid-like state is formed****. Smooth variation of F,(¢) dur-
ing the pulse allows us to track the transition as a function of time.
The transition is mathematically similar to strong-field ionization
in atoms®; the parameter y=hw,/EF, (where & is the correlation
length*) serves as the analogue of the Keldysh adiabaticity parame-
ter'. In the ‘tunnelling’ regime y < 1, the threshold field is given by**
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Fig. 1| Time-resolved light-induced breakdown in the Mott insulator. a,b, Time-resolved spin-spin correlation (a) and number of doublon-hole pairs (b)
for a range of U/t,. The pulse has peak strength F,=10 MV cm~', frequency 32.9 THz, and a 10-cycle-long sin? envelope. The red curve shows the time
when the threshold field strength for the transition is reached. The field amplitude is insufficient for the breakdown at U/t,> 6, in agreement with f,, from
equation (1). ¢, Abrupt destruction of the Mott state, shown via W(t) = |(‘I{)|‘I’(t))|2, where ¥is the many-body wavefunction, occurs within a cycle for

fields exceeding the threshold.

Ey=A/2e¢ (1

We will characterize the state of the system via the two param-
eters describing the charge and spin degrees of freedom, to give the
next-neighbour spin-spin correlation function

L
D088 @
=1

and the average number of doublon-hole pairs per site

L

1 P
D=I ZCJ,TCj,TCJ-)le,l (3)

i=1

where j indicates the site, up and down arrows the spin, L=12 is the
number of sites, and ¢',c are the creation and annihilation operators,
respectively.

The destruction of short-range antiferromagnetic order during
the transition is shown in Fig. 1a. Within a cycle, the spin-spin cor-
relation function drops to nearly zero (limited by the finite size of
the system). The second signature of the transition is the rise in the
number of doublon-hole pairs (Fig. 1b), which is linked to the loss
of spin-spin correlation (compare Fig. 1a,b). After the transition,
the system reaches a photo-induced saturated state** and the num-

ber of pairs remains constant. The abrupt nature of the transition is
shown in Fig. 1c: for fields crossing Fth the overlap probability with
the initial state W(t) = |(¥|¥(t))|* drops to zero within a laser
cycle, stressing the need for sub-cycle resolution.

Naturally, the rise of optical charge excitations has to manifest in
the optical response. Indeed, we find that the transition is accom-
panied by characteristic high-harmonic emission. Figure 2 shows
harmonic spectra for different values of U/t,. In the conducting
limit U/t,=0 the emission is typical for a single-band tight-binding
model". The harmonics are associated with the intra-band current,
and they are narrow and well defined. Increasing electron corre-
lation suppresses low-order harmonics and makes the spectra less
regular (Fig. 2a).

For U / t,>1 (Fig. 2b), the spectrum becomes quite unusual.
First, in contrast to systems described by single-particle band-struc-
tures'*'>17%, where intra-band harmonics are very prominent”,
here the low-order intra-band harmonics are strongly suppressed
at all times.

Second, the harmonic spectrum is rather irregular. Thus, elec-
tron-electron correlation does not just lead to fast dephasing, which
would have yielded regular, narrow harmonic lines". Note that the
calculated emission is fully coherent: spectral complexity reflects
the underlying dynamics.

Third, the harmonic spectrum shifts towards orders N~ U/w;,.
Figure 3a scans U/t, to demonstrate the trend. For U / t,>> 1, the
spectrum peaks near the characteristic energies of doublon-hole
excitation. In the half-filled system, the first allowed excitations

have energies between A and A + 8¢, (refs ***). Their range, shown
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Fig. 2 | High-harmonic spectroscopy of light-induced transition in a strongly correlated system. a, Low-order harmonic spectra for U/t,=0, 0.1, 0.5and 1.
b, Harmonic spectra for the conducting state, U/t,= 0, weak correlation U/t,=0.1 and the insulating state at U/t,=5. Dashed lines show positions of odd
harmonics. ¢, Dependence of the harmonic spectrum on the peak field, showing the same cutoff.
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Fig. 3 | High-harmonic spectroscopy of light-induced transition in a strongly correlated system. a, High-harmonic spectrum as a function of U/t,.
Note the change in the emission spectrum in the strong coupling limit U>> t: low harmonics are absent, the emission peaks at the characteristic energy
of doublon-hole excitation hAQ ~ U, shown with a dashed line. b-d, Gabor profiles of the harmonic signal for U/t,=2 (b), U/t,=4 (¢) and U/t,=5 (d).
Vertical red lines show when the amplitude Fy(t) exceeds the threshold field F,, for this value of U/t,. The two horizontal red lines indicate A and A + 8t,
for this U/t,. The top panels show the average number of doublon-hole (dh) pairs per site (blue) and the decay of the insulating ground-state fidelity

B(t) = | (% ¥(D)] (red).

with red lines in Fig. 3a, defines the lower and upper frequencies for
the harmonic emission. Figure 2c shows that the range of emitted
energies and the cutoff are field-independent (once the threshold
for the transition is crossed). Thus, Figs. 2c and 3 suggest that emis-
sion is dominated by one-photon transitions back to the original
ground state via a single doublon-hole recombination.

This conclusion is confirmed in Fig. 3b—d, which shows the time
profiles of harmonic emission, obtained via the Gabor transform
(see Methods). Note that similar time-frequency spectrograms of
the emitted harmonic light with ~1-2fs accuracy are now experi-
mentally available' for the same laser parameters as used in our
calculation. We see that (1) the onset of harmonic emission is syn-
chronized with breakdown of the insulating Mott state and the rise
in the number of doublon-hole pairs, and (2) the fall in emission
follows depletion of the ground-state state (Fig. 3b-d), following the
fidelity E(¢) = |(¥|P(¢))| (upper parts in Fig. 3b-d). The Gabor
profiles in Fig. 3b—d show that the emission takes ~50-70fs, that is,
only about 1-2 cycles of the driving field. Rapid rise and fall of the
emission reflects the lack of periodicity of the excited many-body
dynamics (studied further in Fig. 4).

To analyse the excitation dynamics, we projected the exact wave-
function onto the subspaces corresponding to one-hole excitations,
two-hole excitations, and so on, obtaining the corresponding com-
ponents |y (t)), where i is the number of doubly occupied sites.
Figure 4a shows the flow of populations P,(t) between these differ-
ent subspaces. Note that for the chosen finite value of U/t,=5, the

268

ground state contains components with i =1, 2, 3. As the ground state
is depleted, the population is rapidly transferred to subspaces with
i=2, 3, 4. Now, we compute the contributions J;; = (y. /| y;) +c.c.
to the total coherent emission. We see that the dominant contribu-
tions come from the coherences between the subspaces that were
already present in the ground state (Fig. 4b—d). Indeed, the rise of
these coherences coincides with the onset of excitation, while their
fall follows depletion of the ground state (Fig. 4a). Excitation to
‘new’ subspaces, for example i =4 (absent in the ground state) does
not lead to any substantial coherent emission. In spite of substan-
tial population of i=3, 4 coupled via a single-photon transition, J,
(Fig.4d) is two to three orders of magnitude weaker than, for example,
J,.1 (compare Fig. 4b,d, note the scale in Fig. 4d).

Interestingly, for a pair of subspaces coupled by one-photon
transition, there is some emission at energies above the maximum
gap between the ground state and the first Hubbard band (Fig. 4b,c).
However, when all contributions are added coherently, this emis-
sion is cancelled. Thus, for the whole many-body wavefunction, the
only coherences that survive are between the excited components
of the wavefunction and the ground state; strong electron-electron
interaction suppresses coherences between the newly created exci-
tations. The aperiodic behaviour of the ground-state population
and excitations P(t) during the transition are also likely reasons for
the highly structured harmonic spectrum.

The cutoff of the harmonic signal does not scale linearly with the
electric field, in contrast to single-particle band-structure systems in
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Fig. 4 | High-harmonic spectroscopy of light-induced transition in a strongly correlated system for U/t, =5. a, Probability of having exactly i doubly
occupied sites, P.= (%le_). The ground-state population, divided by two, is shown as the purple shaded area. The results are convoluted with a 1fs Gaussian.
b-d, Time profiles of high-harmonic contributions from different components of the current J;:i=Tand j=2 (b),i=2and j=3 (¢) and i=3 and j=4 (d).

Note the different scale in d.

moderate fields'>'*'®”. Above the threshold F,>F,, in the tunnel-
ling regime all quasi-momenta for the doublon-hole pairs in the first
Hubbard band are occupied™, covering all available energies between
A and A + 81, leading to similar spectra for different fields (Fig. 2c).
The saturated state also does not support Bloch-like oscillations of
doublon-hole pairs, leading to the loss of low-order harmonics.

HHG was pioneered three decades ago™, evolving into the tech-
nological backbone of attosecond science' and a unique tool for
ultrafast spectroscopy>*. Our work brings many-body dynamics in
strongly correlated solids into its purview. Because high-harmonic
emission characterizes coherent excitations, its time-resolved spec-
trum shows which excitations generate many-body coherences and
which do not.

Methods

Methods, including statements of data availability and any asso-
ciated accession codes and references, are available at https://doi.
org/10.1038/541566-018-0129-0.
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Methods

We study HHG in the one-dimensional, half-filled Fermi-Hubbard model by
exactly solving the time-dependent Schrédinger equation (TDSE) numerically,
fully including the electron-electron correlations in the system interacting with the
intense light field. We use the one-dimensional Fermi-Hubbard Hamiltonian*

L

q i @t

H(t) = —t, Z R )
0,j=1

; @
t il
+ U Z €i1Ci1C01501
j=1

where the laser electric field F(t) = —dA(t)/dt enters through the time-dependent
Peierls phase eaF(t) = —d®(t)/dt, a=7.56 a.u. is the lattice constant, and A(f) is
the field vector potential. The hopping parameter ¢, is set to #,=0.52 eV to mimic
Sr,CuO; (ref. **), and U> 0 is the on-site Coulomb repulsion. In the calculations,
we use the periodic boundary conditions ¢;,=c;,,,, with L=N=12, where N is
the number of particles, and focus on the S, =0 subspace. Convergence of the
harmonic emission and of the time evolution of the relevant observables used in

this work were checked by performing the calculations for L=N=14and U/t,=2,

NATURE PHOTONICS | www.nature.com/naturephotonics

4 and 5, yielding essentially the same results as for L=N=12. Starting at t=0
from the ground state of the Hamiltonian, we apply the pulse with A(f) =Af(t)
sin(w; t) at the carrier wavelength of 9.11 pm (@, =32.9 THz) and the peak
amplitude Fy=m;A,=10MV cm™". All the parameters of the pulse are well within
experimental reach. The pulse has a total duration of 10 optical cycles and a sin?
envelope, and is shown in Fig. 1.

To compute the harmonic emission, we first use the electric current operator,
defined as™

L
J (t) = —ieat, z 2 (e_@(t)c;”cjﬂm—h,c.) (5)
1

o j=

to compute the time-dependent current. The harmonic spectrum is calculated as
the square of the Fourier transform of the dipole acceleration, a () = %} (1).
Time-resolved emission is obtained by performing the Gabor (window Fourier)
transform with the sliding window exp[—(t—7)%/¢?], o= (3w,)~".

Data availability. The data that support the plots within this paper and other
findings of this study are available from the corresponding authors upon
reasonable request.
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