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Abstract
We demonstrate that hybrid laser wakefield and direct acceleration can be significantly improved
by using two laser pulses with different polarizations or frequencies. The improvement entails
higher energy and charge of the accelerated electrons, as well as weaker sensitivity to the time
delay between the leading (pump) pulse responsible for generating the wakefield, and the trailing
laser pulse responsible for direct laser acceleration (DLA). When the two laser pulses have the
same frequency, it is shown that it is advantageous to have their polarization states orthogonal to
each other. A specific scenario of a frequency-doubled (λDLA=λpump/2) DLA laser pulse is
also considered, and found to be an improvement over the single-frequency (λDLA=λpump)
format.
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1. Introduction

From their early beginnings as a speculative theoretical idea
[1], laser-plasma acceleration has developed into one of the
most exciting advanced accelerator techniques that has
already lead to the production of monoenergetic electron
beams [2–4], and is now pushing the energy frontier to multi-
GeVs scale [5–8] and beyond [9]. Laser-wakefield accelera-
tion (LWFA) is presently the most mature mechanism in
laser-plasma electron acceleration. Rapid advances in laser
technology enabled high-power high-intensity short pulse
lasers capable of accessing the so-called full plasma blow-out
(‘bubble’) regime [10, 11]. Plasma electrons are fully blown
out from the path of the laser pulse by its ponderomotive
force ~ F m c ap e

2 2 (where =a eA mcL
2 is the normalized

vector potential), thereby creating the plasma bubble in its

wake. The plasma bubble regime is crucial for generating the
high energy monoenergetic electron beams [2–4].

At the same time, other laser-plasma acceleration tech-
niques have also been critically evaluated. One of the most
promising among those techniques is the direct laser accel-
eration (DLA) approach, in which the laser electromagnetic
field directly imparts energy to the electrons [12, 13]. DLA
relies on the betatron resonance that occurs when the Dop-
pler-shifted laser frequency w wá ñ º - á ñ( )v v1d L x ph matches
the l′th harmonic of the electron’s betatron frequency
w w g= á ñb 2p : w wá ñ = bld , where l=1, 3, 5K is an odd
number that corresponds to either fundamental (l=1) or
higher-order (l>1) betatron resonance [14, 15]. Here á ñvx

and gá ñ are the time-averaged (over a betatron period) long-
itudinal velocity and relativistic factor of the accelerated
electron; ωL and vph are the frequency and the phase velocity

of the laser field; w p= ne m4p
2 is the electron plasma

frequency.
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Recently, the merger of the LWFA in the bubble regime
and the DLA, which we refer to as the laser wakefield and
direct acceleration (LWDA) mechanism, started attracting
considerable attention because of the possibilities for produ-
cing high energy electron beams for high energy physics, as
well as copious high-energy x-rays [16–31] for a variety of
applications that require high-brightness radiation [32–36].
However, effective LWDA is not straightforward to achieve.
Specifically, two requirements have been shown to be crucial
for effective LWDA: (I) the initial energy ò⊥(t=0) of beta-
tron motion of an injected plasma electron must be suffi-
ciently high to overcome its rapid reduction due to electron
acceleration by the longitudinal field of the plasma bubble,
(II) considerable overlap between the laser field and the
injected electrons [16, 17, 19–23]. The first requirement is
fulfilled by either density bump injection [16] or ionization
injection [17–23, 31, 37, 38]. Both approaches can deliver an
injected electron beam with the initial transverse energy
sufficient for effective DLA.

One of the ways to meet the second requirement is to use
the second (DLA) laser pulse time-delayed from the bubble-
forming (pump) laser pulse [16, 17]. The two-pulse approach
is even harder to implement using widely deployed [9, 11,
39–41] moderate-power (i.e. in the 10 TW range) laser pulses
because they produce plasma bubbles of relatively small size.
The combination of two equal-frequency laser pulses within a
small bubble can result in undesirable interference between
them, with two major consequences. First, the shape of the

plasma bubble can be strongly modified by the beatwave
between the two pulses. As will be shown below, such
modification can have a major effect on the total electron
charge trapped inside the plasma bubble and subsequently
accelerated by the combination of the LWFA and DLA
mechanisms. Second, the peak laser field experienced by the
injected electrons is also strongly modified by interference.
This influences electrons’ energy gain from the DLA mech-
anism, as well as the fraction of the injected electrons that
experiences the DLA. The latter point will also be elaborated
below.

From the above arguments we conclude that both the
charge and the energy distribution of the accelerated electrons
could become highly sensitive to the time delay Δτ between
the two pulses. Therefore, eliminating the interference
between them could make the LWDA scheme considerably
more robust. There are two natural approaches to eliminating
interference. One is to preserve the equal wavelengths of the
two laser pulses (λDLA=λpump), but to make their polar-
ization states mutually orthogonal. The orthogonal polariza-
tion of the pump and the DLA pulses can potentially rectify
both of the above listed negative consequences of the inter-
ference between these two pulses. The other approach, the
two-color laser pulse format, utilizes different wavelengths of
the DLA and pump pulses: λDLA<λpump. Specifically, we
will address the technologically viable scenario of
λDLA=λpump/2. The advantage of such laser format can be
understood from the ∝λ2 scaling of the ponderomotive
potential: the long-wavelength pump produces a large bubble
while the short-wavelength DLA pulse does not perturb the
bubble despite possessing a large electric field required to
produce strong DLA.

Moreover, the duration and the spot size of the short-
wavelength DLA pulse can be shortened as compared with
the long-wavelength pump pulse, thus resulting in a higher or
comparable pulse intensity for the same or smaller energy
content. Finally, the disadvantageous ∝λ2 scaling of the
relativistic self-focusing power for the short-wavelength DLA
pulse is not a concern because of its guiding by the bubble
that was recently demonstrated in experiments and simula-
tions [42]. We note that the advantage of combining low- and
high-frequency laser pulses was suggested earlier [43–45] in a
very different context of ionization injection. Guided by the
technological considerations of the ease of doubling the laser
frequency in a nonlinear crystal, we will explore the following
combination of the laser wavelengths: λpump=0.8 μm for the
pump laser pulse that produces the bubble and ionizes a high-
Z gas, and λDLA=0.4 μm for the second time-delayed DLA
laser pulse. The DLA pulse increases the energy gain of the
electrons and enhances the charge yield without disturbing the
plasma bubble. We also demonstrate the improved stability of
the LWDA mechanism when the high-frequency DLA pulse
is used.

The remainder of the paper is organized as follows. In
section 2 we provide a review of the LWDA concept. Sim-
plified single-particle simulations are used to illustrate some
of the basic features of LWDA, such as the dependence of the
number of DLA electrons on the laser amplitude. The

Figure 1. Single-particle dynamics governed by equations (1)–(3).
(a) Schematic representation of single-particle simulation model. (b)
The ratio between the number of DLA electrons NDLA and the total
number of accelerated electrons Ntotal as a function of the ratio
between the laser and wake fields. The blue circle corresponds to the
laser wave amplitude w»E mc e1.5L L used in (c) and (d)
simulations. (c) Color-coded energy gain AL through the DLA
mechanism as a function of the initial conditions in the transverse
phase space (z, pz). (d) Evolution of the normalized emittance òn for
the DLA (red line) and non-DLA (blue line) electrons.
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emittance growth of the beam composed of DLA electrons is
also discussed. The comparison between different laser for-
mats that can be used for LWDA is carried out in section 3
using first-principles 2D PIC simulations. The three different
laser formats are: (a) single-color same-polarization LWDA,
(b) single-color orthogonal polarization LWDA, and (c) two-
color same-polarization LWDA. Here the color and polar-
ization are the attributes of the pump and DLA pulses used for
LWDA. Finally, we discuss the potential application of the
DLA electron beam as a source of high-frequency betatron
radiation. Conclusions and future research directions are
outlined in section 5.

2. Review of LWDA principles using single-particle
simulations

Figure 1(a) schematically illustrates the single-particle model.
The nonlinear dynamics of relativistic electrons undulating in
the (x, z)-plane is determined by the prescribed bubble
wakefield and the electromagnetic field of the laser which is
polarized in the undulation plane. Electrons are assumed to be
moving in the combined fields of the moving spherical bub-
ble, and of the laser pulse. The accelerating and focusing
fields of the bubble are assumed in the following form [46]:

w= - -( )W m x r v t e2x p b b
2 and w=W m z e2z p

2 , respec-

tively, where rb is the radius, and g= -( )v c 1b b
2 1 2 is the

velocity of the bubble. The electric and magnetic fields of the
linearly polarized laser pulse with frequency ωL and phase
velocity vph are assumed to be planar and given by the fol-
lowing expressions: w= - -( )( )E E t x vsinz

L
L L ph and

w= -( )( )B B t x vsiny
L

L L ph , where =B cE vL L ph. The
resulting equations of motion [16, 17, 25, 29, 30] for indi-
vidual electrons are as follows:
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where g = +( )m cp1 2 2 2 1 2 is the electron relativistic
factor.

In the simplified model, all laser and bubble parameters
are assumed to be time-independent. To be specific, their
following values were chosen: the bubble radius l=r 6b L, its
relativistic factor γb=10, the laser wavelength λL=0.8 μm.
The ratio of the plasma and laser frequencies ωp/ωL=0.093
was consistent with plasma density = ´ -n 1.5 10 cm0

19 3.
The phase velocity of the laser light =v c1.0024ph was
approximated by the phase velocity of the lowest laser mode
supported by the plasma channel as explained in the follow-
ing [47]. Note that the used phase velocity is consistent with
the one obtained by numerical measurements performed in
our VLPL simulations. At the start of the simulation (t=0),
several thousand electrons are initialized near the bottom of
the bubble. They are assigned identical longitudinal momenta

g»p mcx b , but their transverse positions and momenta (z, pz)
are assigned so as to uniformly fill the phase space area

e< ^ mc0 1.7 2, where e g w= +^ p m m z2 4z p
2 2 2 is the

transverse energy [16, 17, 28, 46]. The maximum of the
transverse energy mc1.7 2 corresponds to the maximum
amplitude of betatron oscillations, which is limited by the
bubble radius 4.5λL at the injection point. The z and pz ranges
(or bandwidths) are as follows: l<∣ ∣z 4.5 L and <∣ ∣p mc6z .
The simulation is terminated when the electrons reach the
bubble center. Note that, in this simplified model, the accel-
erated electrons overlap with the DLA pulse during the entire
simulation because the laser pulse is assumed to be infi-
nitely long.

We use the energy gain from the laser,

ò= - ( )A e E v tdL z
L

z , as a quantitative parameter separating
the DLA and non-DLA electrons. Specifically, electrons are
classified as belonging to the DLA fraction NDLA if

g>A mc0.3L final
2. Performing simulations for a wide range

of laser intensities, we find that the number of electrons
gaining energy through the DLA mechanism is insignificant
when the laser electric field EL is comparable to the accel-
erating wakefield Wx in the bubble (see figure 1(b) for the
details). However, the fraction of the DLA electrons starts
rapidly increasing with EL as soon as >E W 5L xm , where
Wxm is the peak accelerating wakefield in the bubble. Based
on the results presented in figure 1(b), we conclude that the
yield of the DLA-accelerated charge in the LWDA scheme
strongly depends on the amplitude of the laser. This explain
why it may be necessary to use a second (DLA) laser pulse to
strongly modify the total spectrum of the accelerated elec-
trons, which includes the DLA and non-DLA factions
[16, 17]. Even for large laser wave amplitudes, only those
electrons with large initial transverse energy are directly
accelerated by the laser [16, 17, 28, 46]. It has been
demonstrated that the electrons with such energies ε⊥(t=0)
can be produced by the density bump injection [16] or by the
ionization injection [17, 31].

The specific case of EL/Wxm=10 (indicated in
figure 1(b) by the blue circle) is examined in figures 1(c), (d).
By plotting the laser energy gain AL versus the initial electron
position in the (z, pz)-phase space (see figure 1(c)), we find
that the DLA electrons can gain significant energy
( >A m c200L e

2) directly from the laser as long as their initial
transverse energy satisfies the e< <^mc mc0.7 1.72 2. Note
that this condition can be met by either assigning a large
initial off-axis displacement z(t=0), or a large initial trans-
verse momentum pz (t=0) to the electrons. This is consistent
with the earlier finding that DLA electrons can be produced
by either off-axis or off-peak ionization [17, 43, 44] of a high-
Z gas: the former provides a large initial z whereas the latter
provides a large initial pz.

We further find that DLA is accompanied by consider-
able growth of the normalized emittance òn defined as

 = á ñ á ñá ñ - á ñ( ) ( )p m c z p p zp p , 4n x e z x z x
2 2 2

where áñ̈ denotes averaging over the electron ensemble. On
the other hand, the emittance of the non-DLA electrons
remains almost constant during acceleration process. These

3
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trends are illustrated in figure 1(d). As the red line, corresp-
onding to the emittance growth of the DLA beam, indicates,
the DLA electrons start with a larger emittance at t=0, and
further increase their emittance by a factor ≈5. As we
demonstrate below, this feature of the LWDA can be used for
designing sources of intense x-ray betatron radiation. On the
other hand, the emittance of the non-DLA starts small and
remains such.

3. The effects of laser polarization and wavelength
on DLA

In this section, we use self-consistent relativistic particle-in-
cell (PIC) simulations to investigate the effects of polarization
and color of laser pulses on LWDA. The simulations were
carried out using 2D PIC code VLPL [48] with the imple-
mented ADK tunneling ionization model [49–51] for the
inner shell electrons. Note that the laser evolution, the trap-
ping condition, and the energy gain from DLA differ between
2D and 3D simulations and therefore some differences are
expected in the latter simulations.

The schematic and parameters of different proposed
LWDA scenarios—single color parallel polarization LWDA
(SP-LWDA), SO-LWDA and two color parallel polarization
LWDA (TP-LWDA)—are shown in figure 2 and table 1. The
entire interaction region is comprised of the injection and the
accceleration stages. Both stages are assumed to contain
easily-ionizable background helium gas. We assume that the
background plasma of the density = ´ -n 1.5 10 cm0

19 3 is
formed by the leading edge of the pump pulse that fully
ionizes the helium gas and the outer shells of the nitrogen gas
which is added to the short injection stage shown in

figure 2(a) as a dark area. The electrons are assumed to be
injected into the plasma bubble through the process of tun-
neling ionization of high-Z nitrogen ions (N5+ and N6+)
inside the injection stage. Such two-stage injection/accel-
eration schemes have been experimentally implemented
[52, 53]. The sub-hundred micrometer gas nozzles that would
be required to implement the injection stage for the design
parameters of our simulations have also been experimentally
realized [54, 55].

For our simulations, laser parameters (including its
temporal profile) were chosen to be consistent with the UT3

laser system [11, 39]. For all three laser pulse formats we
assumed that a two-pulse laser beam is formed by combining
a 10 TW-class pump pulse (Ppump=12 TW) with the time-
delayed DLA pulse (PDLA=10 TW). Figures 2(b)–(d) shows
the initial on-axis transverse laser electric field Ê2 in different
scenarios—SP-LWDA, SO-LWDA, and TP-LWDA. In all
three scenarios, we keep the normalized vector potential aDLA
and the power PDLA of the DLA laser pulses fixed. The reason
for maintaining fixed aDLA is primarily illustrative: it enables
us to eliminate trivial differences between the plasma bubbles
in these cases because those would arise from the difference
in the ponderomotive pressure of the DLA pulse on the wall
of the bubble. In the case of a TP-LWDA (λDLA=0.5λpump),
the constant aDLA is maintained unchanged by using tighter
focusing of the DLA pulse.

Our simulations indicate that the inner-shell nitrogen
electrons ( + +N N5 6 and + +N N6 7 ) are produced via
tunneling ionization close to the peak of the pump pulse
intensity. These electrons are then injected and trapped inside
the plasma bubble [56–59]. At least some ionization can also
be produced by the DLA pulse. However, the time delays
Δτ0 of the DLA pulses that were chosen by us in order to
maximize the DLA energy gain AL, are such that the standard
trapping condition [17, 43, 44, 56] can only be satisfied for
those electrons that are produced by the pump pulse.

3.1. Single color parallel polarization LWDA (SP-LWDA)

Below we describe the results of the PIC simulations of the
SP-LWDA regime. Laser parameters are shown in the ‘SP’
column of table 1, and the time delays between the pump and
DLA pulses are chosen to be in the proximity of Δτ=24 fs.
Such time delay, corresponding to constructive interference
between the pump and DLA pulses, results in the optimal
DLA regime, i.e. the largest number of injected electrons
undergoing DLA, and reaching the highest energy. At mod-
erate laser intensities, which are the focus of this paper, the
complete blowout regime is not reached during the injection
stage (x�100 μm), and the plasma bubble is formed later.
Therefore, the injected electrons are trapped into the potential
well formed by the nonlinear plasma wave. Relativistic self-
focusing of the pump laser pulse leads to the formation of the
plasma bubble at the propagation distance x≈200 μm.
Trapped electrons are accelerated in the plasma bubble,
eventually reaching its center at the dephasing distance
x≈640 μm, see figure 3(a). The spectrum of the accelerated
electrons shown in figure 3(b) exhibits the distinctive double-

Figure 2. Schematic representation of the plasma density profile and
the laser pulse formats. (a) The two-stage density profile: the
injection stage (80%He+20% +N2

5 , L1=100 μm) and acceleration
stage (100%He, L2;1 mm). Percentages are based on the electron
density. (b) Initial on-axis intensity (µÊ2) for the SP-LWDA case:
l l l= = LDLA pump and time delay Δτ=δτ0=24 fs. Red curve
corresponds to the intensity profile for the time delay
t t lD = D + c0.5 L0 . (c) Same as (b), but for the SO-LWDA case.

(d) Same as (b), but for the TP-LWDA case: l l l= =2 LDLA pump .
In all cases E⊥ is normalized to wmc eL .
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peaked energy distribution [16, 17], with the higher energy
peak corresponding to the DLA population. The DLA elec-
trons gain approximately 60MeV more energy than the non-
DLA electrons, thus forming an additional energy spectrum
peak at g »m c 170 MeVe

DLA 2 .
Thus, we observe that, for the optimal pulse delay, the

dynamics of injected electrons and their spatial distribution
are quite similar to those discussed in [16, 17] for much
higher power laser pulses. However, the spectrum of the
accelerated electrons undergoes a dramatic change when the
time delay Δτ deviates from the optimal one. Therefore, the
time delay of the second DLA pulse becomes one of the
crucial parameters in the moderate-intensity SP-LWDA
regime. This sensitivity to Δτ is due to the small size of the
plasma bubble: it can be seen from figure 3(a) that the plasma
bubble in the moderate laser power regime is relatively small
[60]: l~ ~R a k 5p L0 . Therefore, the interference

between the overlapping pump and DLA pulses must be taken
into account.

The sensitivity of the SP-LWDA regime to the time delay
between the pulses is demonstrated by figures 3(c), (d) in
which we compare spectra of DLA and non-DLA electrons
for different values of t t tD º D + D0 , where Δτ0=24 fs,
and δτ=0, l c4L , λL/2c is the variable time delay. Note
that rigorously separating the DLA and non-DLA particles is
not feasible because of the significant overlap between two
spectra. This overlap can be clearly appreciated from
figure 3(b). Therefore, we drew a boundary between them in a
somewhat arbitrary way using AL>=75MeV as the cutoff
for DLA-accelerated electrons. The resulting distribution
functions between the DLA and non-DLA electrons were not
significantly modified by changing this cutoff energy by 10
percent in either direction.

The variable time delay δτ=0 corresponds to the con-
structive interference between the DLA and pump pulses. The
interference eventually becomes destructive when the variable
time delay increases. To understand why the value of the time
delay significantly affects the number and energy of the
accelerated electrons, we observe that the combined laser
intensity Ê2 at the back of the bubble is highly sensitive to
Δτ. This can be observed by comparing Ê2 at different Δτ in
figures 2(b). Of particular importance is the combined lasers’
intensity at the back of the bubble because it affects the
bubble’s shape and its ability to trap electrons. This effect is
particularly important during the injection stage (dark region
in 2(a)) because the potential well of the nonlinear plasma
wave is still shallow at the plasma entrance.

Therefore, the destructive interference (e.g., for
dt l= c2L ) drastically increases the total number of the
trapped electrons, but results in a smaller number of the DLA
electrons. Moreover, the energy gain of non-DLA electrons is
also decreased by the destructive interference because of the
reduction of the plasma bubble’s accelerating field due to the
beam loading effect [16, 61, 62]. An even more drastic
reduction of the energy of the DLA electrons is caused by the
simultaneous reductions of the energy gains from the laser
and from the wake.

Thus, we observe that even sub-femtosecond
(l »c4 0.7 fsL ) variations of the DLA/pump pulse delays
causes significant performance deterioration in the SP-LWDA
regime. The fact that the number of DLA electrons increases
in the case of constructive interference (δτ=0) despite the

Table 1. Simulation parameters.

Parameter SP SO TP

Laser wavelengths (μm): λpump, λDLA 0.8, 0.8 0.8, 0.8 0.8, 0.4
Polarization: Parallel Orthogonal Parallel
Time delaya (fs): Δτ0 24 21 24
Pulse durations ( fs): τpump, τDLA 20, 10 20, 10 20, 10
Spot size (μm): wpump, wDLA 10, 10.6 10, 10.6 10, 5.3
PIC cell size: l lD Dx z, ppump 0.02, 0.02 0.02, 0.02 0.01, 0.02
Particles per cell: Ncell 8 8 8

a

Time delay is measured from the center of pump pulse to the center of DLA pulse.

Figure 3.Acceleration of trapped electrons in the SP-LWDA regime.
(a) Electron density and (b) spectrum of the accelerated electrons at
x=640 μm for the time delay Δτ0=24 fs. (c) Spectra of the DLA
(AL>=75 MeV) and (d) non-DLA (AL<75 MeV) electrons for
different time delay between pump and DLA laser pulses
Δτ=Δτ0+δτ: δτ=0 (blue), δτ=0.25λL/c (black), and
δτ=0.5λL/c (red).
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overall reduction of the number of the trapped electrons is
consistent with one of the key results of the single-particle
model described in section 2: the fraction of the DLA elec-
trons increases with an increase of the laser electric field. The
sensitivity of the LWDA mechanism to the time delay of the
DLA pulse in the moderate laser power regime can be over-
come by using different laser formats: SO-LWDA or TP-
LWDA as described below.

3.2. Single color orthogonal polarization LWDA (SO-LWDA)

As was observed in section 3.1, the interference between the
pump and DLA pulses can cause time jitter of the LWDA
performance if the time delay Δτ between the pulses cannot
be adequately controlled. A natural way to avoid the inter-
ference is to use two laser pulses with orthogonal polariza-
tions: the SO-LWDA format. We investigate SO-LWDA
scenario by leaving polarization of the DLA pulse in z
direction and assuming the pump pulse is polarized in the y
direction (which is perpendicular to the simulation plane x–z).
The time delay Δτ0=21 fs between the pump and DLA
pulses results in the optimal DLA regime in this scenario, i.e.
the largest number of injected electrons undergoing DLA, and
reaching the highest energy. The other laser and plasma
parameters are the same as in the SP-LWDA scenario.

As observed from figure 4(a), the plasma bubble structure
does not show any qualitative differences from the one in
figure 3(a). And the spectra of trapped electrons for the
optimal time delays are in general similar in the both SP-
LWDA and SO-LWDA cases, see figures 4(b) and 3(b).

Similarly to the SP-LWDA case (δτ=0: constructive inter-
ference), the non-DLA electrons peaks at the energy
g »‐ m c 110 MeVe

non DLA 2 , and the DLA electrons peaks at
g »m c 170 MeVe

DLA 2 . The main difference is in the number
of DLA electrons: it is somewhat smaller in the SO-LWDA
scenario because it does not benefit from the constructive
interference effects that are manifest in the SP-LWDA
scenario.

As one can see from the comparison between
figures 4(c), (d) and 3(c), (d), the variations in the DLA and
the non-DLA spectra at different time delays are much
smaller in the SO-LWDA scenario than in the SP-LWDA
scenario. However, it is also clear that the best-performance
numbers of the DLA and non-DLA electrons in the ortho-
gonal polarization case are not as good as in the parallel
polarization case. Therefore, we now consider an alternative
approach to suppressing the interference: using different laser
frequencies for the pump and DLA pulses.

3.3. Two-color parallel polarization LWDA (TP-LWDA)

Using two laser pulses with orthogonal polarizations, we
improved the stability of the LWDA’s performance with
respect to the jitter of the delay time between the two laser
pulses. The performance can be further improved by intro-
ducing a frequency-doubled (l l= 0.5DLA pump) DLA pulse.
As noted above, we keep the normalized vector potential
aDLA and the power PDLA of the DLA laser pulses the same as
in the single-color cases. Therefore, the bubble structure in
the TP-LWDA case is very similar to the one in SP-LWDA
and SO-LWDA cases (see figure 5(a)).

Figure 4.Acceleration of trapped electrons in SO-LWDA regime. (a)
Electron density and (b) spectrum of accelerated electrons at
x=640 μm for the time delay Δτ0=21 fs. (c) Spectra of the DLA
electrons and (d) non-DLA electrons for different time delays
between the pump and DLA laser pulses δτ=Δτ0+δτ: δτ=0
(blue), δτ=0.25λL/c (black), and δτ=0.5λL/c (red).

Figure 5. Electron acceleration in the TP-LWDA regime. (a)
Electron density and (b) the spectrum of the accelerated electrons at
x=640 μm for the time delay Δτ0=24 fs. Energy spectra of the
(c) DLA and (d) non-DLA electrons for different time delays
Δτ=Δτ0+Δτbetween the pump and the DLA laser pulses:
δτ=0 (blue), δτ=0.25λL/c (black), and δτ=0.5λL/c (red).
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One important advantage of the two-color scheme over
the other two (single-color) approaches is that, according to
figure 5(b), the number of DLA electrons is considerably
higher. Remarkably, the fraction of the DLA electrons is close
to ηDLA≈35% of the number of the non-DLA electrons for
the optimal time delay (δτ=0) of the TP-LWDA scheme.
This is considerably higher than the corresponding
ηDLA≈20% for the optimal SP-LWDA format, or
ηDLA≈12% for the optimal SO-LWDA format. In addition,
the energy peak of the DLA electrons
(g »m c 210e

DLA 2 MeV) is almost twice of the energy peak of
the non-DLA electrons, and is by 50MeV higher than in the
SP-LWDA and SO-LWDA scenarios. Remarkably, this
energy increase is achieved without broadening the beam’s
energy spread.

The physical reason for the high performance of the TP-
LWDA scheme harkens back to the results of the single-
particle simulations reviewed in section 2: larger DLA laser
fields result in a larger fraction of DLA electrons, and in their
higher energy. By focusing the same power PDLA into a
smaller spot so as to maintain the same vector potential as in
the single-color schemes, we can achieve larger electric field
E⊥ in the two-color scheme. And, because of thelDLA

2 scaling
of the ponderomotive potential, the increase of the laser
intensity is not accompanied by the distortion of the bubble.
Additionally, relativistic guiding of the short-wavelength
DLA pulse is not jeopardized by the l l» ( )P 16.2 pcrit DLA

2

GW scaling of the relativistic self-focusing threshold because
the DLA pulse is guided by the pump-generated bubble.

While higher energy gain and charge yield represent
important advantages of the TP-LWDA approach, we also
expect a stable operation of this scheme because the inter-
ference between the pump laser pulse and the frequency
doubled DLA laser pulse does not play an important role. The
low sensitivity to the time delay Δτ, which is a consequence
of the lack of interference between the pump and DLA laser
pulses, is illustrated by figures 5(c), (d). In contrast to the SP-
LWDA scheme, we do not observe drastically different
spectra of either DLA or non-DLA electrons if the time delay
is changed from its optimal value.

4. Emission of x-ray radiation

Finally, we demonstrate a recently emerged important appli-
cation for the electrons accelerated by the combination of the
LWFA and DLA mechanisms: a DLA-assisted betatron
radiation [20, 23]. While DLA-assisted radiation has been
experimentally demonstrated by several groups [26, 63], the
possibility of using a separate DLA frequency-doubled laser
pulse for enhanced betatron radiation has not yet been
described. Due to the large energy of transverse oscillations,
DLA electrons are expected to emit copious x-rays. We
demonstrate this by computing the synchrotron radiation from
two representative electrons belonging to DLA and non-DLA
groups of particles accelerated using the TP-LWDA scheme.
The energies and transverse momenta of two such repre-
sentative electrons are plotted in figures 6(a), (b),

respectively. It can be observed that a typical DLA electron
has a larger relativistic factor γ and a larger transverse
momentum pz than a typical accelerated non-DLA electron.
Specifically, g  450max

DLA and p m c35z emax
DLA for the DLA

electron should be compared compared with g ‐ 250max
n DLA

and ‐p m c8z emax
n DLA for the non-DLA electron.

We can use these quantities to evaluate the critical fre-
quency [64] which determines the frequency range of the
emitted betatron radiation:

w g
r

w
g= » ( )c p

mc

3

2

3

8
, 5c

p z3 3 2

We find from this formula that the DLA particle emits x-rays
in a much wider energy range (w ~ 45 KeVc

DLA ) than the
non-DLA particle (w ~‐ 5 KeVc

n DLA ). One can readily check
that such a difference in the critical frequencies can be mostly
attributed to the difference in transverse momenta and, to
much smaller degree, to the difference in full relativistic
factors.

We calculate the synchrotron radiation spectra by, first,
performing an integral along the electrons’ trajectories [64]
according to

ò
b b

bw pW
=

´ - ´
-

c

-¥

¥ ( )
( · )

( )I e

c
t

n n
n

d

d d 4 1
e d , 6

2 2

2 2
i

where n is the unit vector in the direction of radiation emis-
sion, b = cv , b b=˙ td d , and c wº -( · ( ))t tn r . Next,
equation (4) is integrated over all emission angles. Figure 6(c)
confirms that spectrum for DLA electron extends over a much
wider range of x-ray energies than the spectrum for a non-
DLA electron. Also we find from this figure that the DLA and
non-DLA x-ray spectra roughly peak at the photon energy

Figure 6. (a) The relativistic factor γ and (b) transverse momentum
pz for the representative DLA electron (red) and non-DLA electron
(blue) as a function of the propagation distance x in TP-LWDA
regime. (c) X-ray spectra for the electrons in (a) and (b). Laser and
plasma parameters: table 1. Time delay: δτ=0.
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∼7 KeV and ∼0.6 KeV, respectively. Thus, we find that
strong interaction with laser leads to much larger emission of
radiation by DLA electrons and much broader spectrum of the
emitted x-rays.

5. Conclusion

In conclusion, we have investigated three possible scenarios
of LWDA in the moderate laser power regime: SP-LWDA,
SO-LWDA and TP-LWDA. The SP-LWDA scheme exhibits
extreme sensitivity to the time delay between the pump and
DLA pulses, resulting in a very large potential variability of
the final electron spectrum and charge. This sensitivity is
shown to be due to the interference between the pump and the
DLA pulses. The SO-LWDA scheme has relatively better
performance than the SP-LWDA since it eliminates the
interference and improves the sensitivity to delay-time jitter.
However, the DLA charge yield is not improved compared
with the SP-LWDA case. Finally, the TP-LWDA scheme
achieves higher energy and larger charge of DLA electrons
compared with the SP-LWDA and SO-LWDA. Furthermore,
the TP-LWDA increases the stability by lowering the
requirement for synchronization between the pump pulse and
the DLA pulse. With the introduction of the higher frequency
DLA pulse, the hybrid laser wakefield and direct laser plasma
accelerator may become even more promising for future
applications, especially for novel x-ray radiation sources.
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